We calculate the next-to-leading order (NLO) QCD corrections to the J/ψ + W production at the LHC, and provide the theoretical distribution of the J/ψ transverse momentum. Our results show that the differential cross section dσ d p J/ψ T at the LO is significantly enhanced by the NLO QCD corrections. We believe that the comparison between the theoretical predictions for the J/ψ + W production and the experimental data at the LHC can provide a verification for the colour-octet mechanism of non-relativistic QCD in the description of the processes involving heavy quarkonium. PACS numbers: 12.38.Bx, 12.39.St, 13.60.Le The study of heavy quarkonium is one of the most interesting subjects in both theoretical and experimental physics, which offers a good ground for investigating Quantum Chromodynamics (QCD) in both perturbative and non-perturbative regimes. The factorization formalism of nonrelativistic QCD (NRQCD) [1] provides a rigorous theoretical framework to describe the heavy-quarkonium production and decay by separating the transition rate (production cross section or decay rate) into two parts, the short-distance part which can be expanded as a power series in α s and calculated perturbatively, and the long-distance matrix elements (LDMEs) which can be extracted from experiments. The importance of the LDMEs can be estimated by using velocity scaling rules [2] . A crucial feature of the NRQCD is that the complete structure of the quarkonium Fock space has been explicitly considered.
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The study of heavy quarkonium is one of the most interesting subjects in both theoretical and experimental physics, which offers a good ground for investigating Quantum Chromodynamics (QCD) in both perturbative and non-perturbative regimes. The factorization formalism of nonrelativistic QCD (NRQCD) [1] provides a rigorous theoretical framework to describe the heavy-quarkonium production and decay by separating the transition rate (production cross section or decay rate) into two parts, the short-distance part which can be expanded as a power series in α s and calculated perturbatively, and the long-distance matrix elements (LDMEs) which can be extracted from experiments. The importance of the LDMEs can be estimated by using velocity scaling rules [2] . A crucial feature of the NRQCD is that the complete structure of the quarkonium Fock space has been explicitly considered.
By introducing the color-octet mechanism (COM), the NRQCD has successfully absorbed the infrared divergences in P-wave [1, 3, 4] and D-wave [5, 6] decay widths of heavy quarkonium, which can not be handled in the color-singlet mechanism (CSM). The COM can successfully reconcile the orders of magnitude of the discrepancies between the experimental data of J/ψ production at the Tevatron [7] and the CSM theoretical predictions, even if they have been calculated up to the NLO. The DELPHI data also favor the NRQCD COM predictions for the γγ → J/ψ + X process [8, 9] . Similarly the recent experimental data on the J/ψ photoproduction of H1 [10] are fairly well described by the complete NLO NRQCD corrections [11] , and give a strong support to the existence of the COM. However, the observed cross sections for the double charmonium production at B factories [12] are much larger than the LO NRQCD prediction [13] . This discrepancy can be resolved by considering the CSM NLO QCD corrections [14] and the relativistic corrections [15] without invoking the color-octet contributions [16] . Furthermore, the J/ψ polarization in hadroproduction at the Tevatron [17] and photo-production at the HERA [18] also conflict with the NRQCD predictions. Therefore, the existence of the COM is still under doubt and far from being proven. The further tests for the CSM and COM under the NRQCD in heavy quarkonium production are still needed.
In order to test the COM, it is an urgent task to study the processes which significantly depend on the production mechanism. The J/ψ production associated with a W boson at the LHC, pp → J/ψ + W + X , can serve as a such kind of process [19] 
J ] (J = 0, 1, 2), but no color-singlet contribution exists in the pp → J/ψ + W + X process. Therefore, the J/ψ + W production at the LHC is an ideal ground to study the COM.
As we know, the NLO QCD corrections to quarkonium production are usually significant [14, 20, 21] . We should generally take the NLO QCD corrections into account in studying the COM and the universality of the LDMEs. In this paper, we calculate the J/ψ + W production at the LHC up to the α 3 s v 7 order within the NRQCD framework by applying the covariant projection method [4] , and present the theoretical prediction of the p J/ψ T distribution. The LO cross section for the parent process pp → J/ψ + W ± + X involves the contributions of the following partonic processes,
Since the cross sections for the ud → cc[ 3 S In the nonrelativistic limit, by applying the covariant projection method [4] we obtain the differential cross section for ud → cc[ 3 S 
where 
J ] (J = 0, 1, 2) Fock states. In our calculations, we adopt the dimensional regularization (DR) scheme to regularize the UV and IR divergences, and the modified minimal subtraction (MS) and on-mass-shell schemes to renormalize the strong coupling constant and the quark wave functions, respectively.
There are 41 virtual QCD one-loop diagrams for the subprocess ud → J/ψ + W + , which include selfenergy (12), vertex (10), box (7), pentagon (2) and counterterm (10) diagrams. We present part of these diagrams in Figs.1(c)-(l). There exist ultraviolet (UV), Coulomb and soft/collinear infrared (IR) singularities in the virtual correction. The UV singularities are canceled by the counterterms of the strong coupling constant and the quark wave functions after the renormalization procedure. But the QCD one-loop amplitude of the partonic process ud → cc[ 3 S
1 ] + W + still contains Coulomb and soft/collinear IR singularities. The IR and Coulomb singularities in the virtual correction can be expressed as
where
The soft/collinear IR singularities can be canceled by adding the contributions of the real gluon and light-quark emission partonic processes, and redefining the parton distribution functions at the NLO. For the Coulomb singularities, they can be canceled after taking into account the corresponding corrections to the operator
1 ] >. We use the expressions in Refs. [22] [23] [24] to implement the numerical evaluations of IR-safe one-point, 2-point, 3-point, 4-point and 5-point integrals. In our calculations, only two diagrams, Figs.1(f) and (h), contain the Coulomb singularities, which are regularized by a small relative velocity v between c andc [25] . We adopt the expressions in Ref. [26] to deal with the IR-divergent Feynman integral functions.
The real gluon emission process provides three types of corrections, which correspond to the contributions from the cc
1 ] and cc[ 3 P (8) J ] (J = 0, 1, 2) Fock states, respectively. The real gluon emission correction to the ud → cc[ 1 S (8) 0 ]+W + subprocess is free of divergence, and can be numerically calculated by using the Monte Carlo method. For the cc[ 3 S
1 ]+W + +g production, it contains both soft and collinear IR singularities which can be conveniently isolated by adopting the two cutoff phase space slicing (TCPSS) method [27] .
In adopting the TCPSS method, we should introduce two arbitrary cutoffs, δ s and δ c . 2 ). Therefore, the cross section for the real gluon emission subprocess can be expressed aŝ
1 ).
The cross section for the subprocess ud → cc[ 3 S 
where g(p i , p j ) are soft integral functions defined as [28] [29] [30] 
Then we can get
For the subprocess ud → cc[ 3 S 
where P uu (z, ǫ) and Pdd(z, ǫ) are the D-dimensional unregulated (z < 1) splitting functions related to the usual Altarelli-Parisi splitting kernels [31] . P ii (z, ǫ)(i = u,d) can be written explicitly as
As for the partonic process ud → cc[ 3 P
J ] + W + + g, it contains only the soft singularities. Using the TCPSS method mentioned above, we split the phase space up into soft gluon region and hard gluon region by adopting the cutoff δ s . Then the cross section for the partonic process ud → cc[ 3 P
The cross sectionσ
J ) is finite and can be evaluated in four dimensions by using Monte Carlo method. The differential cross section in the soft region for the process ud → cc[ 3 P
with β = 1 − 4m 2 c /E 2 3 and E 3 =ˆs . The real light-quark corrections to the subprocess ud → J/ψ + W + arise from the partonic processes
where n = 3 S 
1 ] + W + + d(ū) contain only the initial state collinear singularities. By using the TCPSS method, we split the phase space up into two regions, collinear region and non-collinear region,
) (q = u,d). (16)
The cross section in non-collinear region,σ
1 ) is finite and can be evaluated in four dimensions by using the Monte Carlo method. The differential cross sections for the subprocesses
with q = u,d and P qg (z, ǫ) can be expressed explicitly as
To obtain an IR-safe cross section for the pp → J/ψ + W + + X up to the NLO, we should take into account both the NLO QCD counterterms of the PDFs and the NLO QCD corrections to the operator
1 ] >. The O(α s ) counterterms of the PDFs are expressed as [32] 
By adding the contributions of the PDF counterterms and the real gluon/light-quark emission collinear corrections shown in Eqs. (11) and (17),we obtain
We can see that the summation of the soft (Eq. (9)), collinear (Eq. (20)), and UV renormalized virtual corrections (Eq. (4)) to the pp → J/ψ + W + + X process, dσ S g + dσ coll + dσ V , is soft/collinear IR-and UV-finite, i.e.,
However the above result, dσ S g + dσ coll + dσ V , still contains the Coulomb singularity. Furthermore, the corrections contributed by the cc[
J ), contain soft IR singularities too. We can eliminate these singularities by taking into account the NLO QCD corrections to the opera-
1 ] >. In this paper we use the method in Ref. [4] to deal with these singularities. In Fig.2 we present the IR and Coulomb singularities structure in the NLO QCD calculations for the pp → J/ψ + W + + X process. We have checked analytically that all the IR and Coulomb singularities are canceled in the final result.
The final result for the process pp → J/ψ + W + X up to the NLO consists of three parts of contributions,
can be divided into two parts: a two-body term σ
and a three-body term σ
. The two-body
, is expressed as
And the three-body term, σ
, is written as
(27)
also can be divided into two parts: a two-body term σ
Finally, after taking into account the NRQCD NLO corrections to the operator
1 ] >, the contributions of the 3 S
1 and 3 P
J states are finite. As for the contribution from 1 S
0 state, it contains no singularity and only involves a three-body term σ
, which can be expressed as
As a check of the correctness of our calculations, the independence of the cross section part of σ 3 S
, on the two arbitrary cutoffs, δ s and δ c , has been numerically verified.
For the pp → J/ψ + W + X process at the LHC, we take CTEQ6L1 PDFs with an one-loop running α s in the LO calculations, and CTEQ6M PDFs with a two-loop α s in the NLO calculations [33] . For the QCD parameters we take the number of active flavor as n f = 3, and input Λ 
1 ] >= 2.73 × 10 −3 GeV 3 and the linear combination GeV 3 and r = 3.54 as the input parameters, which were fitted to the Tevatron RUN-I data by using the CTEQ4 PDFs and have taken into account the dominant higher-order effects due to the multiple-gluon radiation in the inclusive J/ψ hadroproduction [34] 
0 ] > LDMEs are fixed by the democratic choice [35] 
In the calculations of the real corrections, the two phase space cutoffs are chosen as δ s = 10 −3 and δ c = δ s /50, and the invariance of the δ s value running in the range of 10 −4 − 10 −2 is checked within the error tolerance. Considering the validity of the NRQCD and perturbation method, we restrict our results in the range of p J/ψ T > 3 GeV and |y J/ψ | < 3. Fock states up to NLO at the LHC.
In Fig.3 
1 ] Fock states in the figure, while the total contribution of the cc[ 3 P (8) J ] (J = 0, 1, 2) Fock states is negative and will be drawn in Fig.4 . From the Fig.3 we can see that the differential cross section at the LO is significantly enhanced by the QCD corrections. In the range of 3 GeV < p J/ψ T < 50 GeV, the K-factor, defined as
, is in the range of [3.09, 4.31] , and reaches its maximum when p J/ψ T = 3 GeV. In Fig.4 
J ]+W production are always positive, while the real gluon emission correction to the cc[ 3 P (8) J ] + W production is negative.
In above calculations, we mainly consider the direct production of J/ψ mesons up to the NLO. But 
1 ] >= (6.81 ± 1.75) × 10 −4 GeV 3 [34] and
1 ] >= (2.0 ± 0.2) × 10 −3 GeV 3 [37] . We find that the cross section for the indirect J/ψ production is almost the same as the LO cross section for the direct J/ψ production, σ indirect = 0.94 × σ (0) . The complete indirect J/ψ production in association with a W
